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Anomalous DC Hall response in noncentrosymmetric tilted Weyl semimetals
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Weyl nodes come in pairs of opposite chirality. For broken time reversal symmetry (TR) they are
displaced in momentum space by Q and the anomalous DC Hall conductivity σxy is proportional to
Q at charge neutrality. For finite doping there are additive corrections to σxy which depend on the
chemical potential as well as on the tilt (C) of the Dirac cones and on their relative orientation. If
inversion symmetry (I) is also broken the Weyl nodes are shifted in energy by an amount Q0. This
introduces further changes in σxy and we provide simple analytic formulas for these modifications
for both type I (C < 1) and type II (C > 1, overtilted) Weyl. For type I when the Weyl nodes have
equal magnitude but oppositely directed tilts, the correction to σxy is proportional to the chemical
potential µ and completely independent of the energy shift Q0. When instead the tilts are parallel,
the correction is linear in Q0 and µ drops out. For type II the corrections involve both µ and Q0,
are nonlinear and also involve a momentum cut off. We discuss the implied changes to the Nernst
coefficient and to the thermal Hall effect of a finite Q0.
PACS numbers: 72.15.Eb, 78.20.-e, 72.10.-d
I. INTRODUCTION
Dirac semimetals are 3D analogues of 2D graphene
first isolated in 2004.1 They harbor relativistic fermions
with electronic dispersion curves which in the low en-
ergy sector are linear in all three momentum directions.
The conduction and valence band meet at a single point
and at charge neutrality their Fermi surface is point-like.
Breaking either time-reversal (TR) or inversion symme-
try can lift the two-fold degeneracy of a Dirac cone to
produce a pair of Weyl nodes having opposite chirality.
Broken TR-symmetry displaces the Dirac cones in mo-
mentum space by ±Q while broken inversion symmetry
displaces them in energy by ±Q0. Weyl nodes where first
studied theoretically in pyrochlore iridates2,3 and other
systems4,5 and later suggested to exist in noncentrosym-
metric transition-metal monophosphides.6 This theoreti-
cal prediction lead to the discovery of many such materi-
als including TaAs,7–10 TaP11 and NbAs.12 An example
of broken TR-symmetry is YbMnBi2.
13 Weyl semimet-
als (WSM) have many exotic properties.14 Their surface
states have open Fermi arcs which end at the projec-
tion on the surface of the bulk Weyl nodes of opposite
chirality. In a magnetic field closed cyclotron orbits are
possible which involve the arcs on opposite surfaces con-
nected through the bulk Weyl nodes.15–17 Other anoma-
lous properties include the chiral anomaly,18–23 a neg-
ative magnetoresistance,24,25 Hall effect26,27 and other
anomalous transport properties.28–30 The absorptive part
of the AC longitudinal optical conductivity31–35gives in-
formation on the bulk and reflects directly the relativis-
tic, linear in momentum, dispersion curves of the Dirac
fermions. In a 3D system this translates to a region of
conductivity which is linear in photon energy.35,36 This is
the analog of the constant interband background seen in
graphene.37,38 In more complicated cases36 there can be
more than one quasi-linear region.32 The chiral anomaly
also manifests in optical absorption39 which contains an
image of the transfer of charge, in the presence of an
external non orthogonal electric E and magnetic B field,
from the node of one chirality to the other of the opposite
chirality.
Another recent development is the theoretical realiza-
tion that a new type of Weyl fermions can exist in con-
densed matter systems that is not part of high-energy
physics and an example is WTe2.
40 In this case the Dirac
cones are tilted with respect to an axis in the Brillouin
zone. If the tilt is small enough such that the elec-
tronic density of state at the node remains zero, the Weyl
node is said to be type I but for large tilt, electron and
hole pockets at zero energy can form as a result of a
Lifshitz transition and this new phase is referred to as
type II40 with finite density of state at the Weyl point.
Many properties of tilted Weyl cones have already been
worked out, including its effect on the interband optical
background,41,42 on the AC Hall conductivity43,44 and on
the absorption of circular polarized light.44 Tilting leads
to the squeezing of the Landau levels45,46 on application
of an external magnetic field and even the collapse of the
spectrum. New transitions appear in the optical spec-
trum beyond the dipolar ones and the surface Fermi arcs
are modified.47
Central to the present work is the paper of Zyuzin and
Tiwari [48] on the intrinsic anomalous Hall effect and
very recent discussions of the Nernst effect49,50 which ap-
ply to WSM when TR-symmetry has been broken. In this
work we consider the DC Hall effect in type I and type
II WSM when both TR-symmetry and inversion sym-
metry is broken.51,52 This possibility has been discussed
in R-Al-X family of compounds where R(rare earth),
Al(aluminium) and X(Si, Ge).53 Our work also applies
to broken inversion symmetry on its own and properly
reduces to the results given in reference [48] when only
TR-symmetry is broken. In section II we specify our
continuum limit Hamiltion for a pair of Weyl nodes of
opposite chirality displaced in momentum space by ±Q
2and in energy by ±Q0. We work out a general formula for
the DC limit of the Hall conductivity valid for a general
tilt and chemical potential µ. In section III we consider
the limit of zero chemical potential (µ = 0) for both the
case when the Dirac cones are oppositely tilted (inversion
symmetric tilt) and when they are tilted in the same di-
rection (tilt violates inversion symmetry). Our final an-
alytic expressions properly reduce to those of reference
[48] when Q0 is taken to be zero. In section IV we con-
sider the finite µ case. Our result reproduce those found
in section III when we take µ = 0. This requires we em-
ploy the expressions obtained under the assumption that
µ < Q0. Different expressions apply when µ > Q0. This
second set of results are used to show that when Q0 is
set to zero we reproduce the finite µ case with only bro-
ken TR-symmetry. We also discuss the case of broken
inversion symmetry retaining TR. Section V deals with
the Nernst effect. Again the generalized expression we
obtain reduce to those described in recent literature49,50
for the case of only broken TR-symmetry. A discussion
and conclusions are given in section VI.
II. FORMALISM
We begin with the minimal continuum Hamiltion for
a pair of Weyl node of opposite chirality with both TR
and inversion symmetry broken. The first displaces the
Dirac cone in momentum space by an amount ±Q while
the second shifts their energy by ±Q0. The Hamiltion is
given by the following equation,35,51,52
Hˆs′(k) = C1,2(kz − s′Q) + s′vσ.(k− s′Qez)− s′Q0 (1)
where s′ = 1 for Weyl point indexed by 1 and s′ = −1
for Weyl point indexed by 2. C1,2 describe the amount of
tilting of the particular chiral node, v the Fermi velocity
and ei the unit vector along the axis xi where i = x, y, z.
The Pauli matrices are defined as usually by,
σx =
(
0 1
1 0
)
, σy =
(
0 −ı
ı 0
)
, σz =
(
1 0
0 −1
)
. (2)
The broken inversion symmetry is introduced through
the third term in the Hamiltonian. The energy dispersion
corresponding to the above Hamiltonian is described as,
ǫs,s′=C1,2kz−s′C1,2Q−s′Q0+sv
√
k2 −2s′kzQ+Q2(3)
where s = ± stands for conduction(+) and valence(−)
bands and k2 = k2x + k
2
y + k
2
z . For a set of values of the
parameters (v = 1, Q = 2, Q0 = 0.5) we plot in Fig.(1)
the energy dispersion for the different cases of tilting.
When we take the inversion symmetry breaking into ac-
count the negative chiral Weyl node gets shifted upward
by an amount Q0 = 0.5 while the opposite happens for
the other chiral node.
In Fig.(2) we study the evolution of the Weyl nodes
when they are tilted parallel to each other for the case
(a)
FIG. 1: (Color online)The actual 3D plot of the energy dis-
persion showing the orientations of the Weyl cones close to
the Fermi energy. Here we plot the energy dispersion as rep-
resented in Eq.(3).The blue and red cones are respectively
the conduction band (s = +) and valence band (s = −) of
the Weyl node with positive chirality (s′ = 1). Similarly green
and brown cones are respectively the conduction band (s = +)
and valence band (s = −) of the Weyl node with negative chi-
rality (s′ = −1).The two chiral Weyl nodes are separated by
a distance ±Q. The gray shaded plane corresponding to the
µ = 0 plane. We set v = 1. Q is taken twice the Fermi veloc-
ity and Q0 half of it. (a) Two untilted Weyl nodes separated
by Q in the inversion symmetry preserving case. (b) Two un-
tilted Weyl nodes after we break the inversion symmetry. (c)
Two tilted Weyl nodes with C1 = C2 = 0.5 and Q0 = 0.5.
(d) Same two Weyl cones as in in (c) but oppositely tilted
(C1 = −C2 = −0.5).
C1 = C2 for different amount of tilting. We see that as we
increase tilting individual Weyl nodes not only bend but
also become progressively wider and ultimately the con-
duction and valence bands merge with the planes ǫs,s′ =
C1,2(kz−s′Q)48 for large tilting (see Fig.(4a)). Similarly,
we consider the cases of opposite tilting (C1 = −C2) in
Fig.(3) and we can also draw the same inference as shown
in Fig.(4b).
The Green’s function corresponding to the above
Hamiltonian is given by,
Gs′ (k, z) =
[
I2z − Hˆs′(k)
]−1
, (4)
where I2 is a 2 × 2 unit matrix. It is straight forward
to show that the Green’s function can be written in the
following form,
G1,2(k, ıωn)=
∑
s=±
1− ss′σ.Nk−s′Qez
ıωn−C1,2(kz − s′Q)+sv|k−s′Qez|+s′Q0 ,
(5)
3(a) (b)
(c) (d)
FIG. 2: (Color online) Evolution of parallel tilted Weyl cones
as we change the amount of the tilt. Here we follow the same
color code used in Fig.1. We also keep the value of the pa-
rameters v,Q,Q0 same. Additionally we set kx = ky = 0 and
draw the outlines of the positive chiral Weyl nodes by solid
lines and that for the negative one with broken lines. Fig. (a)
shows the two Weyl nodes with the tilt C1 = C2 = 0.5 for
inversion symmetric system. Fig.(b) shows the same tilted
Weyl nodes with broken inversion symmetry. In Fig.(c) we
show the case for the tilting C1 = C2 = 1 and in (d) for
C1 = C2 = 2. With increasing tilt the Weyl cones also grad-
ually become wider.
where Nk−s′Qez =
kxex+kyey+(kz−s
′Q)ez√
k2x+k
2
y+(kz−s
′Q)2
.
Since in the subsequent sections we will discuss the
behavior of anomalous Hall conductivity σxy, we need
the corresponding current-current correlation function
within the realm of the Kubo formalism which is defined
as,
Πxy(Ωm,q) =T
∑
ωn
∑
s′=±
∫
d3k
(2π)3
Jx,s′G1,2(k+ q, ωn +Ωm)
×Jy,s′G1,2(k, ωn)
= Te2v2
∑
ωn
∑
s′=±
∫
d3k
(2π)3
σxG1,2(k+ q, ωn + Ωm)×
σyG1,2(k, ωn), (6)
where the sum ωn is over the Fermionic Matsubara fre-
quencies and Ωm is an external Bosonic Matsubara fre-
quency. We have used the definition of the current oper-
ators,
J{x,y},s′ = s
′evσ{x,y}. (7)
With these definitions we calculate the expression for the
(a) (b)
(c) (d)
FIG. 3: (Color online) Evolution of two oppositely tilted
(C1 = −C2) Weyl nodes as we change the amount of the
tilt. Here we follow the same color code and the parame-
ter set as in Fig.(2). Fig.(a) shows the two Weyl nodes with
the tilt C1 = −C2 = −0.5 for inversion symmetric system.
Fig.(b) shows the same tilted Weyl cones with broken inver-
sion symmetry. In Fig.(c) we show the case for the tilting
when C1 = −C2 = −1 and in (d) for C1 = −C2 = −2.
correlation function after setting q to zero as,
Πxy(Ωm, 0) = e
2
∑
s′=±
s′
∫ Λ−s′Q
−Λ−s′Q
dkz
2π
∫ ∞
0
k⊥dk⊥
2π
×
{f(Cs′kz + vk − s′Q0)− f(Cs′kz − vk − s′Q0)} ×
kz
k
[
2v2Ωm
Ω2m + 4v
2k2
]
. (8)
Here Ωm is the Matsubara frequency, Λ the cutoff,
k⊥ is the momentum perpendicular to kz and f(E) =
(e(E−µ)/T + 1)−1 is the Fermi function at finite temper-
ature T with µ the chemical potential. Replacing ıΩm
with Ω + ıδ, the DC conductivity is,
σxy = − lim
Ω→0
Πxy(Ω, 0)
ıΩ
=
e2v2
2π2
∑
s′=±
s′
∫ Λ−s′Q
−Λ−s′Q
kzdkz
∫ ∞
0
k⊥dk⊥
k
{
f(Cs′kz + vk − s′Q0)−
f(Cs′kz − vk − s′Q0)
}[
1
4v2k2
+ ıπδ(4v2k2)
]
. (9)
We write the real part of the Hall conductivity as,
ℜσxy = e
2
8π2
∑
s′=±
s′
∫ Λ−s′Q
−Λ−s′Q
kzdkz
∫ ∞
|kz|
dk
k2
×
{f(Cs′kz + vk − s′Q0)− f(Cs′kz − vk − s′Q0)},(10)
4(a) (b)
FIG. 4: (Color online) 3D diagram showing final stage of
evolution of the Weyl nodes. As we increase the tilt the Weyl
cones open up more and more and ultimately they merge with
two sets of planes displaced by Q. In Fig.(a) we show the case
of large tilting for the parallel tilted (C1 = C2 = 20) Weyl
cones and in Fig.(b) we show the same for two oppositely
tilted (C1 = −C2 = −20) Weyl cones. Note that the order of
the blue and red planes has switched in frame (b) as compared
with (a).
where we have replaced k⊥ with k following the relation
k =
√
k2⊥ + k
2
z . Now we let the temperature T go to zero
and replace the Fermi functions appropriately with the
Heaviside step functions Θ as shown below,
ℜσxy = − e
2
8π2
∑
s′=±
s′
∫ Λ−s′Q
−Λ−s′Q
dkz
[
sgn(kz)Θ(v
2k2z − (Cs′kz − µs′)2) +
vkz
|Cs′kz − µs′ |(
1−Θ(v2k2z − (Cs′kz − µs′)2)
)]
, (11)
where µs′ = µ + s
′Q0 is the chemical potential for the
Weyl node with chirality s′ and ’sgn’ is the sign func-
tion. From the above equation we see that the sole effect
of the inversion symmetry breaking is coming through
the Fermi function where the chemical potential µ is get-
ting replaced by µs′ . We will use this equation for the
anomalous Hall conductivity in the subsequent sections
of this article.
III. ANOMALOUS HALL CONDUCTIVITY AT
CHARGE NEUTRALITY
In this section we discuss the behavior of anomalous
Hall conductivity, as described in the last section at
charge neutrality. For this we set µ = 0 in Eq.(11) and
write it as,
ℜσxy = − e
2
8π2
∑
s′=±
s′
∫ Λ−s′Q
−Λ−s′Q
dkz
[
sgn(kz)Θ(v
2k2z − (Cs′kz − s′Q0)2) +
vkz
|Cs′kz − s′Q0|
× (1−Θ(v2k2z − (Cs′kz − s′Q0)2))
]
. (12)
We can divide the above integral into positive and neg-
ative range of kz and make the variable transformation
kz → −kz in the negative part. Further we see that un-
der the interchange of the chirality (s′ → −s′) the total
contribution of the two integrals stays the same. This
allows us to drop the s′ index except in the node specific
tilt term C′s′ .
ℜσxy = − e
2
8π2
∑
s′=±
[∫ Λ−Q
0
dkz
{
Θ(k2z − (C′s′kz −Q′0)2)
+
kz
|C′s′kz −Q′0|
(
1−Θ(k2z − (C′s′kz −Q′0)2)
)}−
∫ Λ+Q
0
dkz
{
Θ(k2z − (C′s′kz +Q′0)2) +
kz
|C′s′kz +Q′0|
× (1−Θ(k2z − (C′s′kz +Q′0)2))
}]
. (13)
Here C′s′ denotes the anti-clockwise tilt for the Weyl node
with chirality s′, normalized by the Fermi velocity v and
is a dimensionless parameter in our derivation. Similarly
Q′0 = Q0/v and having the dimension of momentum.
We can differentiate between the two cases depending
on whether C′s′ is less than (WSM type I) or greater than
one (WSM type II). First we see what happens when
C′s′ < 1. From the above Eq.(13) we see that for C
′
s′ < 1
the argument of the Θ function is positive only when Λ−
Q > kz >
Q′0
1+C′
s′
(in the first integral) and Λ +Q > kz >
kz >
Q′0
1−C′
s′
(in the second integral). In the range kz <
Q′0
1+C′
s′
, the quantity |C′s′kz−Q′0| is Q′0−C′s′kz. Separating
the contributions from two different Weyl nodes to the
conductivity ℜσxy, we write the individual contribution
from s′ node as ℜσIxy,s′ which is given by,
ℜσIxy,s′ =
e2
8π2
[∫ Q′0
1−C′
s′
0
kzdkz
C′s′kz +Q
′
0
+
∫ Λ+Q
Q′
0
1−C′
s′
dkz
−
∫ Q′0
1+C′
s′
0
kzdkz
Q′0 − C′s′kz
−
∫ Λ−Q
Q′
0
1+C′
s′
dkz
]
. (14)
After evaluating the integrals we get,
ℜσIxy,s′
e2Q/2π2
=
1
2
+
1
2
{
1
C′s′
+
1
2C′2s′
ln
(
1− C′s′
1 + C′s′
)}
Q′0
Q
.(15)
5Next we see what happens when C′s′ > 1. From Eq.(13)
we can find out how the Weyl nodes contribute (we call
it ℜσIIxy,s′). Following the same procedure as already de-
scribed for the case C′s′ < 1, we get
ℜσIIxy,s′ =
e2
8π2
[∫ Λ+Q
0
kzdkz
C′s′kz +Q
′
0
−
∫ Q′0
C′
s′
−1
Q′
0
C′
s′
+1
dkz −
∫ Λ−Q
Q′
0
C′
s′
−1
kzdkz
C′s′kz −Q′0
−
∫ Q′0
C′
s′
+1
0
kzdkz
Q′0 − C′s′kz
]
, (16)
which can be written as,
ℜσIIxy,s′
e2Q/2π2
=
1
2C′s′
− 1
4C′2s′
{
ln(C′2s′Λ
2 − (C′s′Q+Q′0)2)
− ln( Q
′2
0
C′2s′ − 1
)
}
Q′0
Q
∼= 1
2C′s′
+
1
4C′2s′
ln(
Q′20
C′2s′ (C
′2
s′ − 1)Λ2
)
Q′0
Q
, (17)
where we have assumed that the cut off Λ dominates over
Q and Q0.
We can also study the effect of tilting the Weyl nodes
in the opposite direction (clockwise). For this we have
to replace C′s′ with −|C′s′ | in Eq.(13). Following similar
algebra to what we have just done we find
ℜσIxy,s′ =
e2
8π2
[∫ Q′0
1+|C′
s′
|
0
kzdkz
Q′0 − |C′s′ |kz
+
∫ Λ+Q
Q′
0
1+|C′
s′
|
dkz
−
∫ Q′0
1−|C′
s′
|
0
kzdkz
|C′s′ |kz +Q′0
−
∫ Λ−Q
Q′
0
1−|C′
s′
|
dkz
]
(18)
and get,
ℜσIxy,s′
e2Q/2π2
=
1
2
− 1
2
{
1
|C′s′ |
+
1
2C′2s′
ln
(
1− |C′s′ |
1 + |C′s′ |
)}
Q′0
Q
,(19)
which shows that changing the tilt from counter clock-
wise to clockwise changes the sign in the second term of
Eq.(19). For a type II Weyl node we get,
ℜσIIxy,s′
e2Q/2π2
=
1
2|C′s′ |
− 1
4C′2s′
ln(
Q′20
C′2s′ (C
′2
s′ − 1)Λ2
)
Q′0
Q
(20)
where the second term carries the opposite sign from that
in Eq.(17).
In the next few subsections we will deal with different
combinations of tilting of the Weyl nodes. In all these
subsections C′s′ stands for the absolute value of the tilts.
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FIG. 5: (Color online) We plot with dotted lines the anoma-
lous Hall conductivity ℜσxy in the units of e
2Q/2pi2 against
the amount of tilt C′1 for different values of Q
′
0/Q at charge
neutrality µ = 0. The absolute value of the amount of tilt
C′1 is same for both of the Weyl cones. This diagram covers
both WSM type I as well as type II when both are tilted ei-
ther clockwise or anti-clockwise. Blue circular dotted line is
for Q′0/Q = 0, green square dotted line for 0.05, violet dia-
mond dotted line for 0.1, red star dotted line for 0.2, black
plus dotted line for 0.3 and magenta cross dotted line for
Q′0/Q = 0.5. We also show the effect of the cutoff on the
anomalous conductivity σxy by choosing two values of the
cutoff, in (a) Λ/Q = 20 and in (b) Λ/Q = 200.
A. Both the cones are tilted anti-clockwise
1. WSM type I
Here we have to add ℜσIxy,s′ for s′ = ±. This gives us
from Eq.(15),
6ℜσxy
e2Q/2π2
=
∑
s′=±
ℜσIxy,s′
e2Q/2π2
= 1 +
1
2
∑
s′=±
[
1
C′s′
+
1
2C′2s′
ln
(
1− C′s′
1 + C′s′
)]
Q′0
Q
.(21)
When the magnitude of the tilt are the same C′1 = C
′
2
this reduces to,
ℜσxy
e2Q/2π2
= 1 +
[
1
C′1
+
1
2C′21
ln
(
1− C′1
1 + C′1
)]
Q′0
Q
. (22)
For both tilts clockwise we would get a minus sign be-
tween first and second term of Eq.(22).
2. WSM type II
To get the anomalous Hall conductivity we have to add
ℜσIIxy,s′ for s′ = ± according to Eq.(17). This gives us,
ℜσxy
e2Q/2π2
=
∑
s′=±
ℜσIIxy,s′
e2Q/2π2
=
∑
s′=±
[
1
2C′s′
+
1
4C′2s′
ln(
Q′20
C′2s′ (C
′2
s′ − 1)Λ2
)
Q′0
Q
]
.(23)
For C′1 = C
′
2 we get
ℜσxy
e2Q/2π2
=
1
C′1
+
1
2C′21
ln(
Q′20
C′21 (C
′2
1 − 1)Λ2
)
Q′0
Q
(24)
and again for both tilts clockwise there would be a minus
sign between first and second term of Eq.(24).
In Fig.[5] we plot the anomalous Hall conductivity
ℜσxy in the units of e2Q/2π2 against the magnitude of
tilt C′1 for different values of Q
′
0/Q. Here we have as-
sumed that both the cones are tilted by the same amount.
We show results for both WSM type I (C′1 < 1) as well as
WSM type II (C′1 > 1). This figure also shows the behav-
ior of anomalous Hall conductivity when both nodes are
tilted anti-clockwise (for positive C′1) and clockwise (for
negative C′1). This covers all four cases discussed in this
subsection. In the top frame we set the cut off Λ/Q = 20
while in the bottom frame it is increased to 200. There
is no qualitative changes introduced from the change in
cut off and the quantitative differences are largest as the
region C′1 = ±1 is approached. This is precisely the re-
gion where the change from type I to type II occurs and
there is a Lifshitz transition from a point like Fermi sur-
face to the existence of electron and hole pockets at the
Weyl point and our linear model is no longer realistic.
These issues are further elaborated upon in Ref.[48] and
[49]. As a result here we have blacked out this region in
Fig.(5) with thick solid vertical black lines.
B. s′ = + node is tilted clockwise and s′ = − node is
tilted anti-clockwise
1. WSM type I
To get the anomalous Hall conductivity in this case
we have to add ℜσIxy,− and ℜσIxy,+ as they appear in
Eq.(15)(for s′ = −) and (19) (for s′ = +) respectively.
Here C′s′ stands for the absolute value of the tilts. This
gives us,
ℜσxy
e2Q/2π2
=
ℜσIxy,+
e2Q/2π2
+
ℜσIxy,−
e2Q/2π2
= 1− 1
2
{(
1
C′1
− 1
C′2
)
+
1
2C′21
ln
(
1− C′1
1 + C′1
)
−
1
2C′22
ln
(
1− C′2
1 + C′2
)}
Q′0
Q
(25)
Which shows that the Hall conductivity is truly universal
when the absolute value of the tilts are the same, giving
us,
ℜσxy
e2Q/2π2
= 1 (26)
whatever the value of Q0 may be.
2. WSM type II
To get the anomalous Hall conductivity in this case
we have to add ℜσIIxy,− and ℜσIIxy,+ as they appear in
Eq.(17)(for s′ = −) and (20) (for s′ = +) respectively.
Here C′s′ stands for the absolute value of the tilts. This
gives us,
ℜσxy
e2Q/2π2
=
ℜσIIxy,+
e2Q/2π2
+
ℜσIIxy,−
e2Q/2π2
=
1
2
(
1
C′1
+
1
C′2
)
− 1
4
{
1
C′21
ln(
Q′20
C′21 (C
′2
1 − 1)Λ2
)
− 1
C′22
ln(
Q′20
C′22 (C
′2
2 − 1)Λ2
)
}
Q′0
Q
(27)
For same magnitude of tilt we can further simplify it to
get,
ℜσxy
e2Q/2π2
=
1
C′1
, (28)
again independent of Q0.
IV. ANOMALOUS HALL CONDUCTIVITY FOR
FINITE CHEMICAL POTENTIAL
The generalization to the finite chemical potential case
is straight forward and requires the mapping of Q0 of
7the previous section to s′µs′ . The anomalous Hall con-
ductivity for a pair of Weyl nodes for a general value of
the distance in momentum space between the nodes (Q),
shift in energy of the nodes (Q0) due to the violation of
inversion symmetry, for a general tilt (ts′ ) and magnitude
of this tilt Cs′ taken to be always positive is,
ℜσxy
e2/2π2
=
∑
s′=±
[
Q
2
+
ts′s
′
2
{
1
C′s′
+
1
2C′2s′
ln
(
1− C′s′
1 + C′s′
)}
µ′s′
]
(29)
for Cs′ < 1 (type I) and
ℜσxy
e2/2π2
=
∑
s′=±
[
Q
2C′s′
+
ts′s
′
4C′2s′
ln(
µ′2s′
C′2s′ (C
′2
s′ − 1)Λ2
)µ′s′
]
(30)
for Cs′ > 1 (type II). Here we have assumed that the
tilt index ts′ = ±1 for counterclockwise and clockwise
tilt respectively irrespective of s′ where s′ is the index on
the chirality of the Weyl nodes.
These equations are the central results of this work.
The first term in these equations is directly proportional
to the distance in momentum space of the two nodes Q
and does not depend on doping µ 6= 0 and on the en-
ergy shift due to inversion symmetry breaking Q0. The
second term is a correction due to µ and Q0 but does
not depend on Q in the approximation used here namely
that the cut off Λ is much larger than both Q and Q0 in
momentum unit. While for simplicity we have assumed
that the tilt of the negative chirality node is counter-
clockwise, changing to clockwise simply changes the sign
of this contribution in the second term of both Eq.(29)
and (30) and will not be explicitly treated beyond this
comment. It is instructive to write down separately the
case of the positive chirality node tilted to the left (coun-
terclockwise) and to the right (clockwise). In the first
case we have
ℜσxy
e2/2π2
= Q+
1
2
∑
s′=±
s′
{
1
C′s′
+
1
2C′2s′
ln
(
1− C′s′
1 + C′s′
)}
µ′s′(31)
for Cs′ < 1 (type I) and
ℜσxy
e2/2π2
=Q
∑
s′=±
1
2C′s′
+
∑
s′=±
s′
4C′2s′
ln(
µ′2s′
C′2s′ (C
′2
s′ − 1)Λ2
)µ′s′(32)
for Cs′ > 1 (type II). We have not assumed that the
magnitude of the tilts is the same for each Weyl node
but we have written the formula for the case that, either
both are type I or both type II. For the second case when
the negative chirality cone is tilted counterclockwise but
the positive chirality cone is clockwise we have instead
ℜσxy
e2/2π2
= Q− 1
2
∑
s′=±
{
1
C′s′
+
1
2C′2s′
ln
(
1− C′s′
1 + C′s′
)}
µ′s′ (33)
for Cs′ < 1 (type I) and
ℜσxy
e2/2π2
=Q
∑
s′=±
1
2C′s′
−
∑
s′=±
1
4C′2s′
ln(
µ′2s′
C′2s′ (C
′2
s′ − 1)Λ2
)µ′s′(34)
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FIG. 6: (Color online) We plot with dotted lines the anoma-
lous Hall conductivity ℜσxy in the units of e
2Q/2pi2 against
the amount of tilt C′1 for the finite chemical potential (µ 6= 0).
It is assumed that the Weyl nodes are tilted parallel to each
other and the absolute value of the amount of tilt is same for
both of the Weyl nodes and assumed to be C′1. This diagram
covers both WSM type I as well as type II when both are
tilted either clockwise or anti-clockwise. In the upper panel
(a) we fix Q′0/Q at 0.5 and generate plots with dotted lines
for different values of the chemical potential normalized by Q.
Blue circular dots are for µ′/Q = 0, red square dots for 0.2,
green diamond dots for 0.4, violet star dots for 0.6, magenta
plus dots for 0.8 and black cross dots for µ′/Q = 1. In the
bottom panel (b) we fix µ′/Q at 0.5 and plot for different val-
ues of Q′0/Q namely blue circular dotted line for Q
′
0/Q = 0,
red square dotted line for 0.2, green diamond dotted line for
0.4, violet star dotted line for 0.6, magenta plus dotted line
for 0.8 and black cross dotted line for Q′0/Q = 1.
for Cs′ > 1 (type II). These equations simplify if we
assume the magnitude of the tilt to be the same for each
of the two nodes. Denoting the tilt simply by C we get
for C < 1,
ℜσxy
e2/2π2
= Q +
[
1
C
+
1
2C2
ln
(
1− C
1 + C
)]
Q′0, (35)
8which is independent of the chemical potential and for
C > 1
ℜσxy
e2/2π2
=
Q
C
+
1
2C2
[
ln
( |µ′2 −Q′20 |
C2(C2 − 1)Λ2
)
Q′0 +
ln
∣∣∣∣µ′ +Q′0µ′ −Q′0
∣∣∣∣µ′
]
, (36)
which applies to parallel tilts. For opposite tilting of the
two nodes we get instead for C < 1
ℜσxy
e2/2π2
= Q −
[
1
C
+
1
2C2
ln
(
1− C
1 + C
)]
µ′, (37)
which is now independent of the inversion symmetry
breaking energy shift Q0. For C > 1
ℜσxy
e2/2π2
=
Q
C
− 1
2C2
[
ln
( |µ′2 −Q′20 |
C2(C2 − 1)Λ2
)
µ′ +
ln
∣∣∣∣µ′ +Q′0µ′ −Q′0
∣∣∣∣Q′0
]
. (38)
Comparing these two cases more closely we note that the
sign of the correction term to the usual topological term
proportional to the distance in momentum space between
the twoWeyl nodes is opposite in Eq.(35) and (36) to that
in (37) and (38). Also Q0 and µ have switched role. For
C < 1 (type I) the corrections for finite Q0 in Eq.(35)
and for finite µ in Eq.(37) is linear. This is no longer the
case for C > 1 (type II) for which both Q0 and µ terms
arise and the contribution of such terms to the anoma-
lous Hall is no longer linear in Q0 or in µ but involves
logarithmic correction. In Fig.[6] we plot the DC Hall
conductivity ℜσxy in units of e2Q/2π2 as a function of
the tilt. The figure is drawn assuming that the tilts of
the two Weyl nodes are always parallel so that they vi-
olate tilt inversion symmetry. For positive C both tilts
are counterclockwise while for negative value of C both
tilts are clockwise. Eq.(35) applies for |C′1| = C < 1.
ℜσxy in the chosen units is 1 +
[
1
C +
1
2C2 ln
(
1−C
1+C
)]
0.5
independent of the chemical potential so there is a single
curve in Fig.[6(a)]. For positive C′1 = C the correction
to one is negative and in fact goes like −C/6 for small C
while for C′1 negative the correction is additive. In the
overtilted case (type II) this simplicity no longer applies
and it is Eq.(36) and (38) that are relevant. There is now
a dependence on both Q0 and µ which is no longer linear
and the cutoff Λ enters. The dependence on cutoff is,
as we saw in Fig.[5], most pronounced as |C′1| → 1 and
the Lifshitz transition is approached. In this case our
calculations are no longer expected to be quantitatively
accurate and this is manifested in a logarithmic singular-
ity. This logarithmic singularity is also seen as |C′1| → 1
from below. In the lower frame we have fixed the value
of µ at µ′/Q = 0.5 and vary Q′0/Q but of course we
know from Eq.(35) that any other choice of µ would give
the same result. Starting with the region |C′1| < 1 the
family of curves is given by 1 +
[
1
C +
1
2C2 ln
(
1−C
1+C
)]
Q′0
Q
and so we get variations with changing value of Q′0/Q.
Note in particular that for Q′0/Q = 0 we get a constant
equal to 1 in our units, independent of the magnitude of
the tilt. For finite Q′0/Q but small value of tilt we get
1− C3
(
Q′0
Q
)
with the slope out of C′1 = 0 linearly increas-
ing with Q′0/Q. If we had instead considered the tilts in
the Weyl pair of nodes to be oppositely directed (respect
tilt inversion symmetry) rather than be parallel Eq.(37)
would apply instead of Eq.(35) so the same figure would
describe the Hall conductivity with the role of Q0 and µ
interchanged and a sign change on the tilt. Such a set of
results are given in Fig.[3] of Ref.[48] where the Q0 = 0
case was considered.
Finally, we comment briefly on the effect the chiral
anomaly can have on the anomalous Hall conductivity. A
non-zero value of the dot product E.B of electric E and
magnetic B field, will pump charge from one Weyl node
to the other39,54,55 changing their chemical potential at
charge neutrality and zero tilt by s′µp with
µp =
[
3e2~v3
2
(E.B)τinter
]1/3
(39)
where s′ is the chirality and τinter is an intervalley re-
laxation time. This contribution is equivalent to a finite
Q0 value of magnitude (given in Eq.(39)) µp. For small
tilt C << 1 and the parallel tilt case we need not correct
Eq.(39) for tilt to lowest order and the anomalous Hall
conductivity, in our units, will be equal to
(
1− C6 µpvzQ
)
.
For µp ∼ 10meV39, vz ∼ 3 × 105m/s24 and Q ∼ 0.08A˚8,
µp/~vzQ is of the order 0.06 which is small.
V. NERNST AND THERMAL HALL
In a recent paper Ferreiros et. al. [49] have discussed
the effect of tilt on the Nernst and thermal Hall coeffi-
cient in Weyl semimetals. Here we generalize their work
to noncentrosymmetric materials. Both Nernst (αxy) and
thermal Hall conductivity (κxy) depend on the Hall con-
ductivity ℜσxy of the previous sections which from here
on we will denote simply by σxy suppressing the real part
index. They are49
αxy =
π2k2BT
3e
dσxy
dµ
(40)
and
κxy =
π2k2BT
3e2
σxy (41)
with kB the Boltzmann constant, e the electronic charge
and T the temperature. The thermal Hall coefficient in
Eq.(41) is simply proportional to the Hall conductivity
and is therefore given by Eq.(35) to (38) multiplied by
pi2k2BT
3e2 . As we have discussed in the previous section for
9type I Weyl, the Hall conductivity has a logarithmic sin-
gularity (Eq.(35) and (36)) as the Lifshitz transition at
C = 1 is approached. Our results are no longer expected
to be quantitatively accurate in this region. For type
II there is a related logarithmic singularity at µ = Q0.
This is expected since the effective chemical potential of
the negative chirality node is zero at µ = Q0 and we are
again probing the nodal region for which our continuum
Hamiltonian requires modification. Here we have intro-
duced a cut off in momentum Λ to regularize our results.
In view of this limitation we will consider only the case
Q0/µ < 1 and µ/Q0 < 1. Both logarithms can be ex-
panded in these two limiting cases. Eq.(36) for parallel
tilt then takes the form,
ℜσxy
e2/2π2
∼= Q
C
+
1
2C2
[{
ln
(
µ′2
C2(C2 − 1)Λ2
)
+ 2
}
Q′0
−1
3
(
Q′0
µ′
)3
µ′
]
, for
Q′0
µ′
< 1 (42)
∼= Q
C
+
1
2C2
{
ln
(
Q′20
C2(C2 − 1)Λ2
)
+
(
µ′
Q′0
)2
+
1
6
(
µ′
Q′0
)4}
Q′0, for
µ′
Q′0
< 1.(43)
This means that for C < 1 (type I) (see Eq.(35)) the
Nernst coefficient is zero for parallel tilts and for C > 1
it is,
αxy =
ek2BT
6
[
Q′0
µ′
+
1
3
(
Q′0
µ′
)3]
1
C2
, for
Q′0
µ′
< 1(44)
=
ek2BT
6
[
µ′
Q′0
+
2
3
(
µ′
Q′0
)3]
1
C2
, for
µ′
Q′0
< 1.(45)
For Q0 = 0 we recover the result found in Ref.[49] that
αxy = 0. At finite Q0 with Q0/µ < 1 the Nernst coef-
ficient is finite with leading order proportional to Q0/µ
and first correction of order Q30/µ
3. For µ/Q0 < 1, αxy is
also finite and to leading order in µ/Q0, is proportional
to µ and inversely proportional to Q0.
For oppositely tilted Weyl nodes (tilt inversion sym-
metry applies) we get for type I
αxy = −ek
2
BT
6C
[
1 +
1
2C
ln
∣∣∣∣1− C1 + C
∣∣∣∣
]
, (46)
which in the limit of the tilt going to zero, gives
ek2BTC/18. This has the opposite sign to that in Ref.[49]
because we are dealing here with a counterclockwise tilt
on the negative chirality node with the tilt of the posi-
tive chirality node clockwise. For type II a similar set of
equations to Eq.(42) and (43) are obtained from Eq.(38)
by changing the overall sign of the second term in these
equations and switching the variable Q0 and µ. For
Q0/µ < 1
αxy = −ek
2
BT
12C2
[
ln
(
µ′2
C2(C2 − 1)Λ2
)
+ 2−
(
Q′0
µ′
)2]
,(47)
which in the Q0 = 0 limit gives
αxy ∼= −ek
2
BT
6C2
[
ln
∣∣∣∣ µ′CΛ√C2 − 1
∣∣∣∣+ 1
]
. (48)
This agrees with Ref.[49]. Here we have an additive cor-
rection for finite Q0 equal to
ek2BT
12C2
(
Q′0
µ′
)2
. For the oppo-
site limit µ/Q0 < 1 to leading order
αxy ∼= −ek
2
BT
6C2
[
ln
∣∣∣∣ Q′0CΛ√C2 − 1
∣∣∣∣+ 1− 12
(
µ′
Q′0
)2]
(49)
which is, in the leading order, independent of chemical
potential µ′.
VI. DISCUSSION AND CONCLUSIONS
We have studied the anomalous DC Hall conductiv-
ity (σxy) in a continuum Dirac model Hamiltonian which
additionally includes a tilt (C) as well as time reversal
(TR) and inversion (I) symmetry breaking terms. These
last two terms lift the two fold degeneracy of the Dirac
cone creating a pair of Weyl nodes of opposite chirality
(s′ = ±). For broken TR symmetry the Weyl nodes are
displaced in momentum space by −s′Q while for inver-
sion symmetry breaking the displacement is in energy
−s′Q0. We employ Kubo formula to calculate the Hall
conductivity and derive simple analytic expressions for
σxy which depend on tilt, Q andQ0 as well as on chemical
potential µ. For the case of charge neutrality and Q0 = 0
(centrosymmetric case) we recover the known result when
the magnitude of the tilt is taken to be the same on each
nodes. For type I Weyl (C < 1) σxy = e
2Q/2π2 and for
type II (C > 1) σxy = e
2Q/2π2C. Both are proportional
to the momentum space displacement Q. For type I the
result is universal independent of tilt while for type II it
is inversely proportional to C. Adding finite µ and/or
finite Q0 (noncentrosymmetric case) does not change in
any way the contribution proportional to Q but adds a
correction which depends on C, Q0 and µ but not on Q.
The relative orientation of the tilts affects this contribu-
tion. It matters whether the tilts are parallel to each
other which violates tilt inversion symmetry or they op-
pose each other which respect tilt inversion symmetry.
For centrosymmetric Weyl with parallel tilts we recover
the known result that there is no correction for finite µ
while for oppositely oriented tilts it is proportional to µ
for type I with a further logarithmic correction depen-
dent on a momentum cut off Λ multiplying µ for type II
which makes this contribution non linear. For the gen-
eral case the analytic expressions describing the µ, Q0
correction has the same general form for both tilt con-
figuration except that the two variables Q0 and µ are
interchanged and the overall sign of this contribution is
reversed. For oppositely tilted Weyl cones (tilt inver-
sion symmetry is respected) and type I the correction
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to e2Q/2π2 contribution is linear in µ and independent
of Q0 with coefficient dependent only on tilt magnitude.
For parallel tilted Weyl this contribution is now linear in
Q0 and completely independent of µ. For type II both
variables Q0 and µ feature in the correction term which
is non linear and contains the momentum cut off Λ on the
kz integration as recorded in Eq. (36) and Eq.(38). Ex-
pansions for
ℜσxy
e2/2pi2 valid for µ/Q0 < 1 and for Q0/µ < 1
are derived and given in Eq.(42) and (43) for parallel
tilts. Equivalent equations for oppositely directed tilts
can be obtained from these through an overall change in
sign and switching the role of Q0 and µ.
We have also considered the effect of broken inversion
symmetry on the Nernst effect and on the thermal Hall
conductivity. Recently Ferreiros et. al. [49] have consid-
ered these transport coefficients when only time reversal
symmetry is violated. Our results properly reduce to
those of Ref.[49] when we set Q0 = 0. For finite Q0
we find corrections. The thermal Hall follows directly
from the results that we have just summarized for the
Hall conductivity after multiplying by π2k2BT/3e
2. The
Nernst requires taking a derivative of σxy with respect
to the chemical potential. For parallel tilts we find that
the Nernst effect remains zero in type I Weyl but it is
no longer zero for type II with leading correction instead
of order Q0/µ for Q0/µ < 1 and µ/Q0 for µ/Q0 < 1.
For oppositely oriented tilts there is no correction to the
Nernst coefficient due to Q0 for type I, but for type II
there is a correction of order Q20/µ
2 for Q0/µ < 1. For
µ/Q0 < 1, to leading order αxy depends logarithmically
on Q0 and on the momentum cut off Λ but not on µ. A
first correction is of order (µ/Q0)
2
.
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